1. Introduction. Let K(x, y) ^ 0 be defined on A = {(x, )>)eR!:
y < x) and define K and K * by /X /-OO K(x,y)f(y)dy, {K*f)(x) = K(y,x)f(y) dy.
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In [1] conditions on nonnegative weight functions u(x) and v(x) were given, which imply norm inequalities of the form í r00 i \l/q Í r00 p \l/p (1.2) (/J(r/)(x) | «(*)<&) <C(/ |/(x)| v(x)dxj for 1 < /> < q < oo, where T is either AT or K * and C > 0 a constant independent of/.
The purpose of this paper is to extend the results of [1] in the sense that under similar conditions on u and v the norm inequality (1.2) holds for 1 < q < p < oo. If q = 1, the conditions are also shown to be necessary. As in [1] the operators considered here include several classical operators such as the Riemann-Liouville and Weyl fractional integral operators, the Laplace transform, certain convolution operators, as well as others. In fact the class of operators considered here is somewhat larger than that considered in [1] . The results yield new integral inequalities and, as the estimate for the fractional integral operator shows, provide examples of translation invariant operators which map weighted L ''-spaces to weighted ¿''-spaces for q < p. Further, the discrete analogues of the integral operators are discussed which extend the corresponding results of [1] .
If K(x, y) = 1 and / is supported in (0, oo), (1.1) reduces to the Hardy operators, which were studied by Mazja [4] and Sawyer [3] .
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The plan of the paper is as follows: The next section contains the main results (Theorems 2.1 and 2.2) and some corollaries which illustrate the theorems for specific operators. In §3 the discrete case is briefly discussed.
Throughout, p' denotes the conjugate index of p, p ^ 1, defined by p + p' = pp' and p' = oo if p = 1. The conjugate of q is defined in the same way. Products of the form 0 • oo are taken to be zero and A, B, C denote constants which may be different at different occurrences while Z denotes the set of integers.
It is a pleasure to thank Professor A. Kufner who drew my attention to Mazja's work and Professor E. T. Sawyer for providing a variant of Mazja's proof of the Hardy inequality. We now give the main results.
< oo Theorem 2.1. Let K be the integral operator defined by (1.1), where K(x, y) > 0 is defined in A and is nondecreasing iny. If (u, u) g B(K, p, q), 1 < q < p < oo, then
Proof. Without loss of generality assume f{x) > 0 for which the right side of (2.1) is finite.
Let q > 1 and set a(x) = v(x)1~p. Integration and an interchange of order of integration shows that f00 u{x)if K(x,y)a(y)f(y)dyYdx
since t < y < x implies K(x, t) < K(x, y). Now writing and applying Holder's inequality with indices p, p/(q -1), p/(p -q) the last expression is not larger than
The last integral of (2.2) is clearly Bq (Definition 2.1), while the second integral is by [ If k = 1 and / is supported on (0, oo) one obtains the Hardy operator, and Corollary 2.1 yields the generalizations of Hardy's inequality given by Mazja [4] and independently by Sawyer [5] where even the case 0 < q < p, p > \ was considered. Moreover, in this case (2.5) implies (2.4) and, similarly, for the dual operator.
If k(x) = xa~1/T(a), 0 < a < 1, and / is supposed on (0, oo), one obtains the Riemann-Liouville fractional integral operator (u)(x) = -^-f(x-ty-lf(t) Corollary 2.1 then shows that (2.6) f° (f°° {x -y)(a-l)qu(x) dxY" ^f v(x)l-p' dx dt. Note that unlike the case 1 < p < q < oo considered in [1] , the condition on the weights in the case q < p is more restrictive. In particular, if u and v are both power weights (2.6) cannot hold. However, for large classes of weights one does have weighted estimates. We single out the weights u(x) -x" and v(x) = ex. Corollary 2.2. Ifl<q<p<<x> and (1 -<x)q -2 + q/p < a < (1 -a)q -1 < 0, then (2.7) holds with u(x) = x" andv(x) = ex.
Proof. We must show that the integral of (2 .6) If (*/)(*) -fof(y)dy and (K*f)(x) = fxxe'v/xf(y)dy, then, for/> 0, (1 -p')(p -1) = -1 and -a + 1 > 0, the first integral is dominated by /0°° jf.(«-«'/»(i + y2yi ¿y But this integral is finite if -1 < (a -\)r/q < 1, that is 1 -q/r < a < 1 + q/r but \/r = \/q -l/p, so in particular if q/p < a < 1.
Similarly, the second integral in Theorem 2.3 is dominated by ,00 _,/ ,00 \r/9 / (1+^2) / e-xyqx-"dx\ dy = cify(a-1)r/q(l +y2)~1dy\if e-'radt r/q t = xyq.
As we have seen if q/p < a < 1 the first integral is finite and clearly so is the second integral. The result now follows from Theorem 2.3.
3. The discrete case. We now consider the discrete analogue of Theorems 2.1 and 2.2. But this is equivalent to (3.2). The case q = 1 is as in Theorem 2.1 and we omit the details. The proof of Theorem 3.2 is similar to that of Theorem 3.1 and therefore omitted. We note that these results generalize certain inequalities of Leindler [2] .
